The discrete singular convolution (DSC) algorithm for determining the frequencies of the free vibration of laminated conical shells is developed by using a numerical solution of the governing differential equations of motion based on Love's first approximation thin shell theory. By applying the discrete singular convolution method, the free vibration equations of motion of the composite laminated conical shell are transformed to a set of algebraic equations. Convergence and comparison studies are carried out to check the validity and accuracy of the DSC method.
Introduction
Because of the practical importance of the free vibration analysis of the composite laminated conical shell in structural, aerospace, nuclear, petrochemical, submarine hulls, and mechanical applications, a few investigators have made efforts to deal with free vibration analysis of this type of structures. Unsymmetric free vibrations of orthotropic sandwich shells of revolution has been made by Bacon and Bert [1967] . Siu and Bert [1970] analyzed the free vibration of isotropic and orthotropic conical shells by using the Rayleigh-Ritz technique. Irie et al. [1982; 1984] developed a transfer-matrix approach for free vibration of conical shells with constant and variable thickness. Using the finite element method, Sivadas and Ganesan [1992] analyzed the free vibration of conical shells with uniform thickness. Yang [1974] adopted the integration method in the vibration analysis of orthotropic conical shells. Tong [1993b; 1993a] , and Tong and Wang [1992] examined the vibration and buckling analysis of isotropic, orthotropic and laminated conical shells by the power series expansion method. More recent papers [Shu 1996b; 1996a; Hua 2000; Hua and Lam 2000; Lam and Hua 1997] have used the differential quadrature method to study the free vibration of orthotropic and laminated rotating conical shells. also studied the effects of initial twist and thickness variation on the vibration behavior of shallow conical shells. Lim and Kitipornchai [1999] have investigated the effects of subtended and Keywords: conical shells, discrete singular convolution, laminated composite, frequencies.
vertex angles on the free vibration of open conical shell. Some selected works in this topic includes [Liew et al. 2005; Liew and Lim 1994; Lim et al. 1997; Leissa 1973; Soedel 1996; Civalek 1998; 2004; Civalek andÜlker 2005] . More detailed information can be found in [Chang 1981] and [Kapania 1989 ].
The focus in this work is on the application of the DSC method to the differential equation, which governs the free vibration analysis of laminated conical shells.
The governing differential equations of vibration of the shell are formulated using Love's first approximation classical thin shell theory [Love 1888] . In this study, the DSC method was used for spatial discretization of the differential equations governing the problem. In the author's knowledge, it is the first time the discrete singular convolution algorithm has been successfully applied to laminated conical shell problem for vibration analysis.
Governing equations
A typical laminated conical shell is given as shown in Figure 1 . The cone semivertex angle, thickness of the shell, and cone length are denoted by α, h and L. R 1 and R 2 are the radii of the cone at its small and large edges. The conical shell is Figure 1 . Geometry and notation of laminated conical shell. referred to a coordinate system (x, θ, z) as shown in Figure 1 . The components of the deformation of the conical shell with references to this given coordinate system are denoted by u, v, w in the x, θ and z directions, respectively. E x and E θ denote the elastic moduli respectively in the meridional x and circumferential θ directons. The equilibrium equation of motion in terms of the force and moment resultants can be written as in [Tong 1993b] :
where
Here ρ is the density and ρ a the linear density. The moment resultants and insurface force are
where (σ ) T = {σ x , σ θ , σ xθ } is the stress vector. The stress vector of the k-th layer for laminated composite conical shells in which each layer is orthotropic is
where {ε * k } T = {ε x , ε θ , ε xθ } is the strain vector. Based on Love's first approximation theory, the strain components of this vector are defined as linear functions of the normal (thickness) coordinate z:
where {ε} T = {ε 1 , ε 2 , γ } and {κ} T = {κ 1 , κ 2 , 2τ } are the strain and curvature vectors of the reference surface. They are defined by
For a thin and generally orthotropic layer, the stresses defined in Equation (8) are given by
where the transformed reduced stiffness matrix of the k-th layer is defined by
and where
in which [T ] is the transformation matrix between the material principal coordinate of the k-th layer and the geometric coordinate of the laminated composite conical shell; ϕ is the angle between these two coordinate directions. The force and moment resultants are given in terms of displacements u, v and w by 
Here i = 1, 2 and j = 3 + i. the tensors A i j , B i j and D i j represent the extensional, coupling and bending stiffnesses and are calculated from the equations
For an arbitrarily laminated composite shell, these stiffnesses can be given as
where N L is the number of total layers of the laminated conical shell, Q
i j is the element of the transformed reduced stiffness matrix for the k-th layer, and h k and h k−1 denote distances from the shell reference surface to the outer and inner surfaces of the k-th layer. Substituting Equation (14) into Equations (1)- (3), we obtain the governing equations for the linear free vibration analysis of composite laminated conical shells:
The displacement terms are
Substituting these equations into (18), we can write the governing equations as
where G i jk are the related coefficients, found in [Tong 1993b; Shu 1996b] . In this study, the following two type main boundary conditions are considered. These are defined as follows:
Simply supported edge (S):
Discrete singular convolution (DSC)
The discrete singular convolution (DSC) algorithm was introduced by Wei [1999] .
He and coworkers [Wei 1999; 2001a; 2001b; Wei et al. 2002a; 2002b] first applied the DSC algorithm to solve solid and fluid mechanics problems. analyzed the high frequency vibration of plates and plate vibration under irregular internal support using the DSC algorithm. Numerical solution of unsteady incompressible flows using DSC is given in [Wan et al. 2002] . More recently, Lim et al. [2005a; 2005b] presented the DSC-Ritz method for the free vibration analysis of Kirchhoff and Mindlin plates and thick shallow shells. These studies indicates that the DSC algorithm work very well for the vibration analysis of plates, especially for high-frequency analysis of rectangular plates. It also suggests that the DSC algorithm has the accuracy of global methods and the flexibility of local methods for solving differential equations in applied mechanics. The mathematical foundation of the DSC algorithm is the theory of distributions and wavelet analysis. Consider a distribution T and let η(t) be an element of the space of test functions. A singular convolution can be defined by
where T (t − x) is a singular kernel. The DSC algorithm can be realized using many approximation kernels. It has been shown that for many problems, the regularized Shannon kernel (RSK) is very efficient. This kernel is given by
(see [Wei 1999]) , where = π/(N − 1) is the grid spacing and N is the number of grid points. The parameter σ determines the width of the Gaussian envelope and often varies in association with the grid spacing, i.e., σ = r h. Here r is a parameter chosen in computation. It is also known that the truncation error is very small due to the use of the Gaussian regularizer. The formulation in (34) is practical and has an essentially compact support for numerical interpolation. With a sufficiently smooth approximation, it is more effective to consider a discrete singular convolution
where F α (t) is an approximation to F(t) and {x k } is an appropriate set of discrete points on which the DSC of (33) is well defined. Note that the original test function η(x) has been replaced by f (x). This new discrete expression is suitable for computer realization. The mathematical property or requirement of f (x) is determined by the approximate kernel T α . In the DSC method, the function f (x) and its derivatives with respect to the x coordinate at a grid point x i are approximated by a linear sum of discrete values
This can be expressed as
where superscript n denotes the n-th derivative with respect to x. The x k is a set of discrete sampling points centred around the point x, σ is a regularization parameter, is the grid spacing, and 2M + 1 is the computational bandwidth, which is usually smaller than the size of the computational domain. The higher-order derivative terms δ (n) ,σ (x − x k ) in (34) are given by
where the differentiation can be carried out analytically. For example, the second derivative at x = x i of the DSC kernel is
The discretized form of (6) can then be expressed as
When the regularized Shannon's delta kernel (RSDK) is used, the detailed expressions for δ ,σ (x), δ
,σ (x), δ
,σ (x) and δ
,σ (x) can be easily obtained for x = x k ; they are listed in the Appendix. Note that the differentiation matrix in (39) is in general banded. This is a great advantage in large scale computations. Consider a one dimensional, n-th order DSC kernel of delta type:
is the DSC kernel of (36). These derivatives can be regarded as high pass filters. The filters corresponding to the derivatives of Shannon's kernel decay slowly as x increases, whereas the regularized filters are Schwarz class functions and have controlled residual amplitudes at large x values. In the Fourier representation, the derivatives of Shannon's kernel are discontinuous at certain points. In contrast, the derivatives of regularized kernels are all continuous and can be made very close to those of Shannon's if desired. The differential part of the operator on the coordinate grid is then represented by functional derivatives
(see [Wei et al. 2002a] ), where d n (x) is a coefficient and δ
Therefore, the discretized forms of Equations (29)- (31) can be expressed as
where the δ (n) α,σ are the coefficients of the regularized Shannon kernel, listed in the Appendix. Thus, the governing equations are spatialy discretized by using the DSC algorithm. The DSC form of the boundary conditions can be easily written. For the clamped edge, for example, given as
(44) Wei et al. [2002a] proposed a practical method to treatment of the boundary conditions for DSC. proposed a practical method to incorporate the boundary conditions. More recently, the iteratively matched boundary method has been applied [Zhao et al. 2005; Zhou et al. 2006 ] to impose the free boundary condiitions for the solid mechanic problem.
By the DSC rule, the governing equations and the corresponding boundary condions can be replaced by a system of simultaneously linear algebraic equations in terms of the displacements at all the sampling points. It is noted that for a wellposed problem the number of equations should be identical to the the number of unknowns. A treatment commonly used in the literature [Shu 1996b; Wu and Wu 2000; Civalek 2004 ] is applied in this study. The first two governing equations in (43) are applied at interior points (k = 2, 3, · · · , M − 1) and third governing equation is applied at the interior points (k = 3, 4, · · · , M − 2). By rearranging the DSC form of the governing equations, one has the assembled form of the resulting equations as
where {U b } represents the unknown boundary grid points values, whereas {U d } represent the domain grid point unknowns. The subscript b represents the degree of freedom on the boundary and subscript d represents the degree of freedom on the domain. Substitung the DSC rule into the boundary conditions at the sampling points at two boundary points leads to
After rewriting this as U b = −G −1 bb G bd U d and then substituting the resulting equation into (45), we obtain GU = BU (47)
bb G bd , and U is the displacement vector on the domain. In the above eigenvalue equation, is the nondimensional frequency parameter. In (47), G and B are the matrices derived from the governing equations described by (43) and the boundary conditions considered in (44).
Numerical applications
This section presents some numerical results for the free vibration analysis of laminated conical shells. The utility and robustness of the proposed method is illustrated by a number of numerical examples in this section. In order to simplify the presentation, S and C represent simply supported, and clamped supports, respectively. Firstly, the convergence of DSC results is studied. To check whether the purposed formulation and programming are correct, an isotropic conical shell is analysed first. The numerical results are given by the dimensionless frequency parameter , defined by
where ω is referred to as the frequency parameter. The obtained results by DSC are listed in Table 1 . This table shows the convergence of computed frequency parameters for an isotropic conical shell with θ = 60 • , L sin θ/R 2 = 0.75 and circumferential wave number n = 0. The table also shows results given in [Irie et al. 1984; Tong 1993a; Shu 1996a] . To examine the influence of bandwidth on the accuracy, we choose five values of N (8, 11, 16, 21, 32) , with corresponding regularization parameters σ/ = 1.73, 2.15, 2.46, 2.8 and 3.2, and set M = N with r optimally selected. From Table 1 , it is seen that the convergence of DSC results is very good. In comparison with the results in [Irie et al. 1984] , DSC results using 16 uniform grid points are very accurate. When the number of grid points is larger than 16, the DSC results are grid-independent. The fundamental frequency param- Table 1 . Frequency parameters of C-S conical shells; ν = 0.3, h/R 2 = 0.01, n = 0.
eters for an antisymmetric cross-ply laminated circular cylindrical shell with the S-C boundary condition are shown in Table 2 . This table shows the fundamental frequency parameters based on classical shell theory (CST) [Shu and Du 1997] Table 2 . Fundamental frequency parameters of an antisymmetric cross-ply laminated circular cylindrical shell with the S-C boundary condition (ν = 0.3, h/R 2 = 0.01). N = 11 is sufficient to obtain accurate results. The present numerical solutions are in close agreement with the DQM and CST solutions available in the literature. We also see from Table 2 that the results of two layers (N L = 2) are always less than that of infinite layers (N L = ∞). This suggests that the fundamental frequency parameters decrease as the coupling rigidity terms increase. Figure 2 shows the frequency parameters of clamped and simply supported orthotropic conical shells for µ xφ = 0.3, s = E x /E θ , E x = 2.1 × 10 6 and G xθ = 807692. The effects of the ratio s on the values of for α = 15 • are displayed. Note that the values of decrease when the ratio s increases. The variation is marginal for larger values of s, irrespective of cone angles. In general, increases considerably with circumferential wave number for larger values of s (s > 10).
To examine the influence of h/R 2 on the frequency characteristics for S-S boundary conditions, we plot in Figure 3 the dependence for three different cone angles α (30 • , 45 • , 60 • ). With the increase of ratio h/R 2 , the frequency parameter increases rapidly. Generally, decreasing the cone angle also decreases the frequency parameter . Figure 4 shows the effect of h/R 2 on the frequency, and suggests that the frequency parameter increases uniformly with the ratio h/R 2 . The C-C conical shell has the highest frequency parameter, followed by C-S and S-C. The S-S conical shell has the lowest frequency parameter.
For the ratio L/R 2 = 0.5, Figure 5 highlights the influence of the geometric ratio h/R 2 on the frequency parameter , for four different cone angles α. We see that this influence is significant, that increasing α always increases , and that the influence of the boundary condition on with h/R 2 is significant. Figure 6 shows the frequency parameters of (0/90/0) laminated conical shells with S-S boundary conditions for the ratio L/R 1 = 5. The layer material properties are ν 12 = 0.25, ν 22 = 0.25, E 11 /E 22 = 25, G 12 /E 22 = 0.5, G 22 /E 22 = 0.2. These figures show the effects of the ratio h/R 1 on the values of for two types of cone angles, α = 30 • and α = 60 • . The variation is only marginal for larger values of n, irrespective of cone angles. For the cases under consideration, axisymmetric frequencies (n = 0) are not the lowest frequencies. The lowest frequencies occur for a higher value of n. 
Conclusions
In conjunction with the method of DSC, the free vibration of orthotropic laminated conical shells is presented. Convergence tests are performed to validate the proposed approach for handling various combinations of two types of boundary conditions. A number of numerical examples are considered to explore the usefulness and test the accuracy of the present method. Accurate solutions have been presented for the frequencies of orthotropic laminated conical shells. The cone angle α and the L sin α/R 2 ratio has been found to have significant influence on the frequency parameters of the conical shell. The approach has been validated by convergence studies and comparisons with existing results in the literature. 
